After establishing a comparison result by means of a new method, we obtain the existence of maximal and minimal solutions for nonlinear, second order integro-differential equations of mixed type in Banach spaces.
Introduction
In paper [1] , we discussed establishing the existence of the extreme solutions of initial value problems for first order, integro-differential equations of Volterra type in Banach spaces by means of a comparison result. Now, in this paper, we consider the two-point boundary value problem (BVP) for nonlinear, second order integro-differential equation of mixed type in real Banach space E:
u" f(t,u, Tu, Su),t E J; au(O)-bu'(O) Uo, CU(1) +du'(1 'al, (
where J [0, 1] , f E C(J x E x E x E, E), [2] . In connection with (1), we consider the linear BVP"
where M, N, N 1 are nonnegative constants and g C(J, E). Let 
and G(t, s) 
o It is easy to see that
where q is defined by (5), and so, by virtue of (14) and (6) 
where uo(t w(t),Un(t (AUn_l)(t), t e J (n 1,2,3,...).
It is easy to see that (21) and (22) 
Then u(t) > 0 for t e J.
Proof: Let g(t)
u" / Mu / NTu / glSu and u o as(O) bu'(0), U 1 ca(l) + du'(1).
Then g C(J, E),
and where H(t)-{x(t)'x C H}(t C J) and a denotes the Kuratowski measure of noncompactness in E.
Corollary 1" If H C C(J,E) is countable and bounded, then a(H(t))E L(J,R+) and (31) holds.
Remark 1: The following conclusion is well known: if H C C(J,E) is equicontinuous, then (H(t)) e c(g, R + and
Main Theorems
Let us list some conditions for convenience.
(H1) There exist Co, w o C2(j,E) such that Vo(t < Wo(t for t J and
There exist nonnegative constants M,N and N 1 such that
whenever rE J, vo(t < < U < wo(t), (Tvo)(t) <-fi < v < (Two)(t and (SVo)(t) < _< _< There exist nonnegative constants el,e 2 and c 3 such that o(f(J, U1,U2,U3) <_ ClC(U1) -4-c2c(U2) + c3c(U3) for any bounded U C E (i-1,2,3).
In the following, we define the conical segment Iv0, w0]-{u e C(J,E)" vo(t < u(t) <_ wo(t for t J}. 
and consequently, the normality of P implies that V-{vn:n-0, 1,2,...} is a bounded set in C(J,E (38)
On the other hand, by (9), (11), (12), (18) and (20) 
+ N(Tvn 1)(t) + NI(SVn 1)(t) -,f(t,(t),(T)(t),(S)(t))+ M(t)+ N(T)(t)+ N(S)(t), t e J,
and, by (36), I I f(t, V n l(t), (Tv n 1)(t), (Sv n 1)(t))+ Mv n l(t) + N(Tv n 1)(t) + NI(SV n 1)(t)
f(t,(t),(T )(t), (S)(t)) M(t)-N(T )(t)-NI(S )(t)II <_ 2Co,
t 6-J (n-1,2,3,...).
Observing (42) and (43) (1) i.e., is a solution of BVP (1). In the same way, we can show that {wn} converges uniformly on J to some u* and u* is a solution of BVP (1) in C2(j,E).
Finally, let u 6-C2(j,E) be any solution of BVP (1) satisfying Vo(t <_ u(t) <_ wo(t for t 6-g. Assume that vk_ i(t) _< u(t) <_ Wk_ l(t) for t 6-J, and set -u-v k. Then, on account of the definition of v k and (H2) we have
which implies by virtue of Lemma 2 that V (t) >_ 0 for t 6-J, i.e., vk(t <_ u(t) for t 6-J. Similarly, we can show u(t) <_ wk(t for t 6-J. Consequently, by induction, Vn(t <_ u(t) <_ Wn(t for t 6-J (n 0, 1, 2,...), and by taking limits, we get (t) _< u(t) <_ u*(t) for t 6-J. Hence, (33) holds and the theorem is proved. El
Theorem 2: Let cone P be regular and conditions (H1) and (H2) be satisfied. Assume that inequalities (6) and (24) holds. Then the conclusions of Theorem 1 hold.
Proof: The proof is almost the same as that of Theorem 1. The only difference is that instead of using condition (H3) and inequality (32), the conclusion re(t) a(V(t)) 0 (t 6-J) is obtained directly by (35) and the regularity of P.
E!
Remark 2: The condition that P is regular will be satisfied if E is weakly complete (reflexive, in particular) and P is normal (see [2] (44).
Conclusion: BVP (44) has minimal and maximal continuous, twice differentiable solutions satisfying 0 < u n < 2 for 0 < t < 1 (n 1,2,3,...). 
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-g6 < i. Hence, inequalities (6), (24) and (32) are satisfied, and our conclusion follows from Theorem 1.
